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Abstract 

Let T be a weighted tree. The weight of a subtree Ti of T is defined as the 
product of weights of vertices and edges of Ti . We obtain a hnear-time algorithm to 
count the sum of weights of subtrees of T. As apphcations, we characterize the tree 
with the diameter at least d, which has the maximum number of subtrees, and we 
characterize the tree with the maximum degree at least A, which has the minimum 
number of subtrees. 

Keywords: subtree, extremal tree, tree transformation, diameter, connected sub- 
graph 

1 Introduction 

Throughout this paper, we suppose that T = {V{T), E(T); f, g) is a weighted tree 
with the vertex set V{T) = {vi,V2, ■ ■ ■ , Vn}, the edge set E(T) = {ei, 62, ■ ■ ■ , e„_i}, vertex- 
weight function / : V(T) IZ and edge-weight function g : E{T) IZ (where 7^ is a 
commutative ring with a unit element 1), if not otherwise specified. If a weighted tree 
T = (y{T), E{T); f, g) satisfies f = g = 1, we call T a simple tree and denote it by 
T = {V{T), E{T)). Let T(T) denote the set of subtrees of a tree T. For arbitrary two 
fixed vertices Vi and Vj, denote by T(T;Vi) (resp. T{T;Vi,Vj)) the set of subtrees of T, 
each of which contains vertex Vi (resp. vertices Vi and vj), denote by a(T; k) the number 
of subtrees of T with k edges, denote by a(T; vf, k) (resp. a(T; Vi, Vj; k)) the number of 
subtrees of T, each of which contains vertex Vi (resp. vertices Vi and Vj) and k edges, 
denote by b{T; k) the number of subtrees of T with k vertices, and denote by b{T; vf, k) 
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(resp. b{T; Vi, Vj; k)) the number of subtrees of T with k vertices, each of which contains 
vertex Vi (resp. vertices Vi and Vj). Obviously, for any A; = 0, 1, . . . , n — 1, we have the 
following: 

a(T; k) = b{T; A; + 1), a(T; vf, k) = b{T; vf, k + 1), a{T; Vi, Vj; k) = b{T; Vi, Vj; k + 1). 

For a given subtree Ti of a weighted T, we define the weight of Ti, denoted by uj(Ti), as the 
product of the weights of the vertices and edges in Ti. The generating function of subtrees 
of a weighted tree T = (y(T), E{T); /, g), denoted by F(T; /, g), is the sum of weights of 

subtrees of T. That is, F(T; f,g)= Yl ^(Ti). Similarly, we can define the generating 

Tier(T) 

function of subtrees of a weighted tree T = {V{T), E{T); f,g) containing a fixed vertex 
Vi (resp. two fixed vertices Vi and vj), as the sum of weights of subtrees of T containing 
vertex Vi (resp. vertices Vi and Vj), denoted by F{T; f, g;Vi) (resp. F{T] f, g]Vi,Vj)). 
Hence we have 

FiT; f,g;Vi) = ^ uj{Ti), F{T; f, g;Vi,Vj) = ^ t^(Ti). 

By the definitions of FiT; f, g), F(T; f, g;Vi) and F(T] f, g]Vi,Vj), if we weight each 
edge by x and each vertex by y, then 

n— 1 n 

F{T; y,x)=Yl k)x''y^+^ = J2 KT] k)x^-^y^] 

k=0 k=l 

n— 1 n 

F{T; y, x; v,) = E aiT; v,; A;)xS^+i = E KT; v,; k)x''-Y; 

k=0 k=l 

n—l n 

F{T- y, X- Vi, Vj) = Y: a{T; Vi, vy, k)x^y^+^ = ^ b{T- Vi, Vf, k)x^-Y. 

k=0 k=l 

Let T be a simple tree of order n, and let Vi and vj be arbitrary two distinct vertices 
of T. For the sake of convenience, we denote by x{T) = F{T; 1, 1) the number of subtrees 
of T, by x{T;Vi) = F{T;l,l;Vi) the number of subtrees of T, each of which contains 
vertex Vi, and by x(T;Vi,Vj) = F(T; 1,1; Vi,Vj) the number of subtrees of T, each of 
which contains vertices Vi and vj. 

Szekely and Wang j3] studied the problem enumerating subtrees of a tree. They proved 
the following: 

Theorem 1.1 (Szekely and Wang [5J) The path Pn has ("^"'^) subtrees, fewer than 
any other trees of n vertices. The star i^i „_i has 2^~^ + n — 1 subtrees, more than any 
other trees of n vertices. 
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Szekely and Wang 5J said that it was not difficult to design a recursive algorithm that 
would compute the number of subtrees of a tree in a time bounded by a polynomial of 
n, the number of vertices (but we have not found such an algorithm). These may be the 
ffist results on enumeration of subtrees of a simple tree. For some related results see also 
Szekely and Wang Ej and Wang [S] . 

In the next section, we give a linear-time algorithm to count the generating func- 
tions F{T; f, g), F{T; f, g;Vi), and F(T; f, g;Vi,Vj) of subtrees of a weighted tree T = 
{V{T), E(T)] f, g) for any two vertices Vi and Vj. As an applications, in Section 3 we 
characterize the tree with the diameter at least d, which has the maximum number of 
subtrees, and we characterize the tree with the maximum degree at least A, which has 
the minimum number of subtrees. Finally, Section 4 presents our conclusions. 



2 Algorithms 

Let T = (y(T), E{T); f, g) be a weighted tree of order n > 1 and u a pendant 
vertex of T. Suppose e = {u, v) is the pendant edge of T. We define a weighted tree 
r = {V{T'),E{T'y, f',g') of order n - 1 from T as follows: V{T') = V{T)\{u}, E{T') = 
E{T)\{e}, and 

, / fiv)ifiu)gie) + l) iivs = v, 
I f{vs) otherwise, 
for any Vs G V{T'), and g'{e) = g{e) for any e G E{T'). Figure 1 illustrates the procedure 
constructing T' from T. 




(a) T (b) r 

Figure 1: (a) A weighted tree T = (V^(T), E(T); f, g) with a pendent edge e = (m, v). (b) 
The corresponding weighted tree T' = (y(T'), E{T')] /', g'). 



Theorem 2.1 Keeping the above notation, we have 

F{T- f,g) = F{T';f',g') + f{u). 
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(1) 



Proof We partition the sets T{T) and T{T') of subtrees of T and T' as follows: 
r(T) = Ti U Tr U T2 U T3, r(r') = r/ U T^, where 

7^ is the set of subtrees of T, each of which contains vertex v but not vertex u; 

Ty is the set of subtrees of T, each of which contains edges e = {u,v)] 

T2 is the set of subtrees of T, each of which contains neither u nor v] 

% is the set of subtrees of T, each of which contains u but not v; 

T( is the set of subtrees of T', each of which contains vertex v; 

T2 is the set of subtrees of T', each of which contains no vertex v. 

By the definitions above, we have 

{i) there exist two natural bijections (ignore weights) 9i : Ti 1 — )• T{ between Ti and 
r/, and ^2 : T2 I — > between T2 and 7^'; 

(ii) Ty = {Ti + u\Ti G 7i}, where Ti + m is the tree obtained from Ti by attaching a 
pendant edge {v, u) at vertex v of Ti; 

{Hi) % = {u}. 

Note that we have 

E -(J-;) = E /»^ = E /('')[/('')9(<=) + u^- (2) 

By (z), (m) and (mz), we have 

u;{Tr) = J2 fiu)9ieMT,), (3) 

J2 ^(T^) = E ^(^2)' (4) 
5] ..(T3) = (5) 

By (3), we have 

TiSTi T^i'eT^, TigTi TieTi •' ^ ' 

By (i), ^1 : Ti 1 — >■ T[ is a natural bijection between Ti and 7^', then -pj^ = since 
7i and T[ have "almost all" the same weights of vertices and edges except the weights of 
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V in Ti and T[ (one is f{v) and another is f{v){f{u)g{e) + 1)). So by (2) and (6) we have 

TieTi ^I'S'T'i' T{er/ 

Hence by (4), (5), (7), and the definitions of F{T; f, g) and F(T'; /', g') we have 

= E '^(^1)+ E u;{T^) + f{n)^F{T',f,g') + f{u), 

and the theorem thus follows. ■ 

By a similar argument we have the following: 

Theorem 2.2 Let T = {y{T), E(T); /, g) be a weighted tree of order n > 1 and u a pen- 
dant vertex ofT. Suppose e — {u,v) is the pendant edge ofT. Let T' be the weighted tree 
defined as above. Then, for arbitrary vertex Vi ^ u, the generating functions F{T; f, g; Vi) 
and F{T'; /', g'; Vi) of subtrees ofT and T' satisfy the following: 

F{T;f,g;Vi) = F{T';f,g';Vi). (8) 

Theorem 2.3 Let T = {V{T), E{T); f, g) be a weighted tree of order n > 1 and u a 

pendant vertex ofT. Suppose e = {u,v) is the pendant edge ofT. Let T' be the weighted 
tree defined as above. Then, for arbitrary two distinct vertices Vi and vj such that Vi 7^ 
u, Vj 7^ u, the generating functions F{T; f, g; Vi, Vj) and F{T'; /', g'; Vi, Vj) of subtrees ofT 
and T' satisfy the following: 

F{T-J,g;v„v,) = F{r;f,g';v,,v,). (9) 

j 

For the sake of convenience, if {an}>o is a sequence, we define: J| = 1 if j < i. 

t=i 

Corolleiry 2.4 Let Pn — {V {Pn) , E{Pn)] /, g) he a weighted path of order n, where V{Pn) — 
{vi\i = 1,2, ...,n},£;(P„) = {ei = {vi,Vi + l)\i = 1, 2, . . . , n - 1}, f{vi) = yi for 
i — 1,2, . . . ,n, and g{ei) = for i — 1,2, ■ ■ ■ ,n — 1. Then 

n-l n-j /i+j-l \ 

F{p„; /, ^) = E E n ""^y^ I y^+^^ (lo) 

j=0 1=1 \ s=i / 

n-l j 

F{Pn; f, g; vi) = yi[l + l[{xiyi+i)]. (11) 

j=i i=i 
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Proof We prove the corollary by induction on n. It is easy to prove that if n = 
2 or 3 the corollary holds. Now we suppose n > 3 and proceed by induction. Let 
PLi - where y(P^i) = {v,\i = 1, 2, . . . , n - 1}, i?(P^,) = 

{ti = {vi,Vi+i)\i = l,2,...,n - 2}, f'ivi) = for i = 1, 2, . . . , n - 2 and /'(wn-i) = 
yn-iiVn^n-i + 1); ^nd q' {ci) = Xj for i = 1, 2, • • • , 77. — 2. Then, by Theorem 2.1, we have 

F{P^-f,g) = F{P^_,-f\g') + y^. 

By induction, we have 

n—2n-l-j \ 
j=0 1=1 \ s=i / 

where = for s = 1, 2, . . . , n - 2, and y'^_^ = yn-i{ynXn-i + !)• Hence we have 

n— 2 li— 1— j /i+j — 1 \ 

F(P„;/,5) = F(P;_,;/',5') + 2/n = E E H ^^2/^ + 2/n 

j=0 1=1 \ s=i / 

n—1 n—2 n—l — k 

= E + E ViVi+i^i + ■■■+ E ■ ■ ■ 2/i+fea;iXj+i . . . Xi+k-1 

1=1 i=l i=l 

+ ■■■ + yW2 ■ ■ ■ y'n-l^l^^ ■ ■ ■ Xn-2 + yn- (12) 

Note that = for i = 1, 2, . . . , n - 2, and y'^_^ = yn-i{ynXn-i + 1)- By (12), it is easy 
to show that (10) holds. Similarly, we can show that (11) holds and hence the corollary 
has been proved. ■ 

A direct result of Corollary 2.4 is the following: 

Corollctry 2.5 

n— 1 n—1 

F{Pr,- y, x) = ^(n - j)x^y^+\ F{Pr,; y, x; vi) = ^ x^y^+\ 

j=0 j=0 
n n 

F{P^- y, 1) = 5^(n - J + l)y\ F{P^- 1, x) = J](n - j)x^ . 

j=l j=0 

Similarly, we can prove the following: 

Corollctry 2.6 Let i^i,n-i = iV{Ki^n-i), E{Ki^n-i)', f, g) be a weighted star of order n, 
where V{Ki^n-i) = {vi\i = 1,2, . . . ,n}, E{Ki^n-i) = {e, = {vn,Vi)\i = 1, 2, . . . , n - 1}, 
f{vi) ^ yi for i ^ 1,2, ... ,n, and g{ei) ^ Xi for i ^ 1,2, ■■■ ,n - 1. Then 

n n—1 



i=l i=l 



.l<ji<j2<-<ji<n-l \k=l 



yn 
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Corollary 2.7 



F{Ki^n-i;y,x) =ny + ^ 




By Corollaries 2.5 and 2.7, we have the following: 



Corollary 2.8 (Szekely and Wang [5]) 




= 1, 1) = 2"-i + n - 1. 



By Theorems 2.1, 2.2, and 2.3, we can produce three graph-theoretical algorithms 
for computing the generating functions F(T] f, g), F(T] f, g]Vi), and F(T] f, g]Vi,Vj) of 
subtrees of a weighted tree T = {V{T), E{T); f, g) directly from T for arbitrary two 
different vertices Vi and vj, respectively, as follows: 

Algorithm 2.9 Let T = {V{T), E{T); f,g) be a weighted tree with two or more vertices. 
Step 1 Initialize. 

Define: p{vs) = f{vs), for all Vg G V{T); and N = 0. 
Step 2 Contract. 

(a) Choose a pendant vertex u and let e = {u, v) denote the pendant edge, 
(h) Replace p{v) with p{v){p{u)g{e) + 1). 

(c) Replace N with N + p{u). 

(d) Eliminate vertex u and edge e. 

Step 3 If V is the only remaining vertex, go to Step 4- Otherwise, go to Step 2. 
Step 4 Answer: F{T] /, g) = p{v) + N. 

Algorithm 2.10 Let T = {V{T), E{T)] f, g) be a weighted tree with two or more vertices 
and Vi a fixed vertex ofT. 

Step 1 Initialize. 

Define: p{vs) = f{vs), for all Vg G ViT). 
Step 2 Contract. 

(a) Choose a pendant vertex u ^ Vi and let e = {u, v) denote the pendant edge, 
(h) Replace p{v) with p{v){p{u)g{e) + 1). 
(c) Eliminate vertex u and edge e. 
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Step 3 If V is the only remaining vertex Vi, go to Step 4- Otherwise, go to Step 2. 
Step 4 Answer: F{T; f, g;vi) —p{v). 

Algorithm 2.11 Let T = {V{T), E(T); f, g) be a weighted tree with two or more vertices, 
and Vi and Vj two distinct vertices of T. 

Step 1. Initialize. 

Define: p{vs) ^ f{vs), for all Vg eV{T). 
Step 2 If T is a path, and Vi and Vj are two pendant vertices, go to Step 5. Otherwise, 
go to Step 3. 

Step 3 Contract. 

(a) Choose a pendant vertex u, which is different from vi and vj, and let e — {u,v) 
denote the pendant edge. 

(6) Replace p{v) with p{v){p{u)g{e) + 1). 

(c) Eliminate vertex u and edge e. 

Step 4 If there exists no vertex u satisfying the condition (a) in Step 3, go to Step 
5. Otherwise, go to Step 3. 

Step 5 Answer: F{T; f, g;vi,Vj) = Yl Pi^) W. fl'l^)? where Py.y^ denotes 

the unique path of T from vertex vi to Vj . 

Remcirk 2.12 It is not difficult to see that Algorithms 2.9, 2.10, and 2.11 are linear on 
the number of vertices of the tree T. Let T be a simple tree of order n and Vi and vj 
two distinct vertices ofT. By Algorithms 2.9, 2.10, and 2.11, we can compute easily 
the numbers x(T), x(T; Vj), x(T; Vi, Vj), a{T; k), b{T; k), a{T; vf, k), a{T; Vi, vf, k),b{T; vf, k) 
and b{T; Vi, vj; k), respectively. The following examples show these procedures of compu- 
tations. 

Example 2.13 We compute the numbers x{T),x{T; B),x{T; A, B) of a simple tree T, 
which appears in the upper left corner in Figure 2. We weight each vertex and edge ofT by 
one. From the illustration in Figure 2, we know that x(r) = 62, x{T] B) = 24(1 x 1 + 1) = 
48, x{T; A) = 25, x(T; A, 5) = 1 x 1 x 24 = 24. 

Example 2.14 We compute the edge generating functions F{T;1, x), F{T;1, x; A) and 
F{T; 1, x; B, C) of a simple tree T, which appears in Figure 3. We can weight each vertex 
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Figure 2: An illustration of the procedures for computing the numbers 
x{T\ B),x{T] A, B) of a simple tree by Algorithms 2.9, 2.10, and 2.11. 

hy one and each edge by x (or weight each vertex by y and each edge by one, see Example 
2.15). From the illustration in Figure 3, we know that F{T] l,x) = a;(x^ + 2x + 1)^ + 
2{x^ + 2x+l) + A = x^ + Ax^ + Qx^ + Qx"^ + 5x + Q, F{T; l,x;A) = x{x^ + 2x + if + 
{x^ + 2x + l) = x^ + 4a;^ + 6x^ + 5x^ + 3x + 1, F{T] l,x]B,C) = x{x + l)x{x^ + 2x + 1) = 
x^ + + 3x^ + x^. Hence a{T- 0) = 6, a(T; 1) = 5, a(T; 2) = 6, a(T; 3) = 6, a(T; 4) = 
4,a(T;5) = l;a(r;A;0) = l,a(T;A;l) = 3,a(T;A;2) = 5,a(T;A;3) = 6,a(T;yl;4) = 
4,a(T;A;5) = l;a(r;5,C;0) = 0,a(T;5,C;l) = 0,a(T;5,C;2) = l,a(r;5,C;3) = 
3, a(T; S, C] 4) = 3, a{T; S, C; 5) = 1. 
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Figure 3: An illustration of the procedures for computing F(T; l,x),F{T; l,x;A) and 
F{T; 1, x; B, C) of a simple tree T by Algorithms 2.9, 2.10, and 2.11. 
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Example 2.15 We compute the vertex generating functions F{T; y, 1), F{T; y, 1; A) and 
F{T; y, 1; B, C) of a simple tree T , which appears in Figure 4 or Figure 3. We weight each 
vertex by y and each edge by 1. From the illustration in Figure 4, we know that F{T; y, 1) = 
{y^+2y^+y f+2{y^+2y^+y)+Ay = y^+4y^+6y^+6y^+5y^+6y, F{T; y, 1; A) = {y^+2y^+ 
yf + y^ + 2y^ + y = y'^ + Ay^ + Qy^ + ^y^ + ^y^ + y, F{T; y, 1; B, C) = y{y^ + y){y^ + 2y^ + y) = 
y^ + 32/5 + ?>y^ + y^. Hence b{T; 1) = 6, b{T; 2) = 5, b{T; 3) = 6, b{T; 4) = 6, 6(T; 5) = 
4,6(T;6) = l;b{T;A;l) = l,b{T;A;2) = 3, &(T; A; 3) = 5,6(r;A;4) = 6, b(T; A; 5) = 
A,b{T;A;Q) = l;b{T; B,C;1) = 0,b{T; B,C;2) = 0,b{T; B,C;3) = l,b{T; B,C;A) = 
3, b{T; B, C; 5) = 3, b{T; B,C;6) = 1. 



C A 
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C A \,i 
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y +y y+2y+j 



+ 3j 



y'+2y'+y y^+2y^+y 



{y'+2/+yY+y'+2y'+y 



+ Ay +2y^ +y 



Figure 4: An illustration of the procedures for computing F(T; y, 1), F{T] ?/, 1, ; ^4) and 
F{T- y, 1; B, C) of a simple tree T by Algorithms 2.9, 2.10, and 2.11. 

5 

From Example 2.14, for the tree T shown in Figure 3, we have x{T) = ^C^'i ^) — 



k=0 



28, A)=Y: a{T- A- k) = 20, 5, C) = E a(T; 5, C; k) = 8. 

fc=0 fc=0 



3 Trees with extremal number of subtrees 



We suppose that the tree T considered in this section is simple, if not specified. In 
Section 3.1, we introduce four transformations of trees, each of which gives us a way of 
comparing numbers of subtrees of a pair of trees. In Section 3.2, by the four transfor- 
mations of trees we characterize the tree with the diameter at least (i, which has the 
maximum number of subtrees, and we also characterize the tree with the maximum de- 
gree at least A, which has the minimum number of subtrees. As corollaries, we obtain 
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the trees with the second, third, fourth, and fifth largest numbers of subtrees and the tree 
with the second minimum number of subtrees. 



3.1 Four transformations of trees 

Denote the degree of a vertex v of tree T by dxiv). Let T[ and be two trees, and 
let u (resp. v) be a vertex of T[ (resp. T2), where |V"(T2)| = r + 1 > 2. Let Ti be a tree 
obtained from T[ and by identifying vertices u and v (see the illustration in Figure 
5(a)). Construct a tree T2 from T[ by attaching r pendant edges to vertex u of T[ (see 
Figure 5(b)). We call the procedure constructing T2 from Ti the first transformation of 
tree Ti, denoted by 4>i{Ti) = T2. 




Figure 5: (a) The tree Ti. (b) The tree T2. (c) The tree T3. 




Lemma 3.1 Let Ti and T2 be the trees defined as above, where r > 1 and \ V(T[)\ > 2 . 
Then 

x(Ti) = F(Ti; 1, 1) < x{T2) = F{T2, 1, 1) 
with equality holds if and only if T2 = Ki r O'nd d^{v) = r. 

— > TZ {i = 1,2) he two functions defined as follows: 

Fm;l,l;v) if v' = u, \ T if v' = 

1 otherwise. I 1 otherwise. 

where F(T; 1, 1; v) is the number of subtrees of T, each of which contains vertex v. Suppose 
that $„(T{) is the set of subtrees of T[ with as least two vertices, each of which contains 
vertex u. By Algorithms 2.9 and 2.10, we have 

F(ri;l,l) = F(T^;l,l)-F(T2';l,l;t;) + F(T{;/i,l) 

= F(T^; 1, 1) - F{T'^- 1, 1; v) + F{T[ - u; 1, 1) + F(T^; 1, 1; ^;)[1 + \KiT{)\] 

= Fin- 1, 1) + - u- 1, 1) + F(T^; 1, 1; v)\<l>^{Ti)\, 

F(r2;l,l) = r + F{Ti-f2,l) = r + 2- + F{Ti-u;l,l) + T\K{Ti)\. 
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Hence we have 

F(T2; 1, 1) - F(Ti; 1, l)^[2^ + r- F{T!,- 1, 1)] + [2^ - F(T^; 1, 1; t;)]|$„(TO|. 

Note that Tl^ is a tree with r + 1 vertices. Hence, by Theorem 1.1 or Corollary 2.8, 

2'- + r-F(r^;l,l)>0 

with equality holds if and only if = Ki r- Since has at least r subtrees Vj's (vj ^ v) 
with a vertex, each of which is not a subtree of containing vertex v, 

F{T^;l,l)>F{Ti;l,l-v) + r. 

Note that F{Kiy, 1, 1) = 2'' + r. Hence 

< F{Kiy, 1, 1) - F{T^; 1, 1) < 2^ - F{T^; 1, 1; v). 

Therefore, we have 

2^-F(T^;l,l;^;)>0 
with equality holds if and only if T2 = Ki^r and dT^{v) — r. Hence we have 

F{T^-l)>F{Ti-l) 

with equality holds if and only if T2 = Ki^r and dT^{v) = r. The Lemma thus follows. ■ 
Let T[ and T2 be two trees, and let u (resp. v) be a vertex of T[ (resp. Tg), where 
1^(^2)1 — r + 1 > 2. Let Ti be the tree defined as above (see Figure 5(a)). Construct a 
tree T3 from T{ by identifying vertex u of and one of two pendant vertices of a path 
with r + 1 vertices (see Figure 5(c)). We call the procedure constructing T3 from Ti the 
second transformation of tree Ti, denoted by 4>2{Ti) = T3. As that in the proof of Lemma 
3.1 we can prove the following: 

Lemma 3.2 Let Ti and T3 be the trees defined as above, where r > 1. Then 

x(Ti) = F{Ti; 1, 1) > xiTs) = F{Ts; 1, 1) 
with equality holds if and only ifT2 = Pr+i and dT^{v) = 1. 

Remark 3.3 Let T be a tree with n vertices and T 7^ i^i.n-i and T 7^ Suppose that 
{v',u) is a pendant edge of T and dxiv') — 1. Let T[ be the subtree of T containing two 
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vertices v' and u, and let T2 = T ~ v' . Obviously, with application of the first (resp. 
second) transformation of tree T, T can be transformed into the star Ki n-i (resp. the 
path Pn). Hence, by Lemma 3.1 (resp. Lemma 3.2), F(T;1,1) < 1, 1) (resp. 

F(r;l,l)>F(P„;l,l);. 

Suppose V{Pd+i) = {vi,V2, ■ . ■ ,Vd+i} and E{Pd+i) = {{vj,Vj+i)\j = 1,2, are 
the vertex set and edge set of a path P^+i with d + 1 vertices, respectively. Assume 
that ki, ki+i, . . . ,kd are d — i + 1 non-negative integers and ki ^ 0. Construct two trees, 

d 

denoted by T = Td{ki, ki+i, . . . ,kd) and T* = Td{ki + ki+i, ki+2, • • • , kd), with d+l + ^^k 

i=i 

vertices as follows. T is the tree obtained from Pd+i by attaching ki pendant edges to 
vertices for / = i + 1, . . . , d (see Figure 6(a)) and T* is the tree obtained from Pd+i 
by attaching ki + fej+i pendant edges to vertex f j+i and ki pendant edges to vertices vi 
for / = z + 2,2 + 3,...,(i (see Figure 6(b)). We call the procedure constructing T* from T 
the third transformation of tree T, denoted by 03 (T) = T*. 

^ ^_^iL^-r^ ^ ^^^"^^ 

(a) T^(k,k,,^,...,k,) (b) 2^(^,+^,,,^,,2,...,^,) 

Figure 6: (a) The tree Td{ki, ki+i, kd). (b) The tree Td{ki + ki+i, ki+2, kd)- 

Lemma 3.4 Suppose d and ki for I = i,i + 1, . . . ,d are non-negative integers and d > 
l,ki> 1. Let T = Td{ki, ki^i, . . . ,kd) and T* = Tdiki + fcj+i, A;j+2, . . . ,kd) be the two trees 
defined as above. If i < then we have 

F(T;1,1)<F(T*;1,1) 

with equality holds if and only if ki+i = ki+2 = ■ ■ ■ = kd = 0, d is odd and i = 

Proof We assume that Ti is one of two components of T— (fj+i, ^4+2), which contains 
vertex Vd+i. Obviously, Ti is a subtree of T and it can be naturally regarded as a subtree 
of T*. By Algorithms 2.9 and 2.10, we have 

F{T; 1,1) = i(2 - l)i + h + h+i + F{Ti- 1, 1) + i2^^ + 2^^+^ [F{Ti- 1, 1; Vi+2) + 1] 

+^2'=•+''+4F(^l;l,l;^;i+2) + l]; 
F(T*; 1, 1) = + l) + h + A;,+i + F(Ti; 1, 1) + 2'='+'='+i(z + l)\FiT^- 1, 1; v,+2) + !]• 
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Hence it is easy to obtain the following 

F{T*; 1, 1) - F(T; 1, 1) = [2^' - 1\[2^^+ ' F{T^; 1, 1; Vi+2) + 2^='+^ - i]. 

Note that ki > 0. So we have 2*^' — ! > 0. Since F(Ti; 1, 1; i'j+2) has at least — (z + 1) = 
d — i vertices, F(Ti; 1, 1; Vi^2) > d — i, which implies that 

2*^i+iF(Ti; l,l;Vi+2) + 2'''+^ - i > 2^'+^{d-i + l)-i>d-2i + l 

with equality holds if and only if fcj+i = and F{Ti; 1, 1; ^^4+2) = d — i. Since i < we 
have 

2^i+^F{Ti] 1, 1; t;i+2) + '2^"'+^ - i > 2^'+^{d -i + l)-i>d-2i + l>{) 

with equality if and only ki+i = 0, i = and F(Ti; 1,1; fi+2) = d — i. It is not difficult to 
see F{Ti] 1, 1; Vi+2) = d — i ii and only if ki+i = fci+2 = . . . = /Cf^ = 0. Hence we have prove 
that F{T; 1, 1) < F{T*; 1, 1) with equality holds if and only if A;j_|_i = ki^2 = ■ ■ ■ = kd = 0, 
d is odd and i = Hence the lemma follows. ■ 

Let To be a tree with at least two vertices and u a vertex of T. For arbitrary two 
positive integers s, t, construct a tree, denoted by Tq{s, t), from Tq by attaching two paths 
with s + 1 and t + 1 vertices to vertex u. Figure 7(a) and (b) illustrate two trees TQ{s,t) 
and Tq{s + t — 1,1). We call the procedure constructing Tq{s + t — 1, 1) from Tq{s, t) the 
fourth transformation of Tq{s, t), denoted by (/)4(Tq{s, t)) = Tq{s + t — 1,1). 




(a) ro(s,t) (b) ro(s+t-i,i) 

Figure 7: (a) The tree To(s,t). (b) The tree Tq{s + t — 1, 1). 

Lemma 3.5 Let Tq be a tree with at least two vertices and u a vertex o/Tq. For arbitrary 
two positive integers s > 2,t > 2, let To{s,t) be the tree defined as above. Then 

F{Tois, t); 1, 1) > F{Tois + t - 1, 1); 1, 1). 
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Proof Let fi : V{To) — > TZ {i = 1,2) be two functions defined as follows: 
I (s + l)(t + l) a v^u, I 2{s + t) iiv^u, 

MV) = < ^ ,f2{v)=< 

I 1 otherwise. I 1 otherwise. 

Suppose that $m(To) is the set of subtrees of Tq with as least two vertices, each of which 
contains vertex u. By Algorithms 2.9 and 2.10, we have 

F(To(s,t); 1, 1) = ^s{s+l) + ^t{t+l) + F{To-u; 1, l) + (s + l)(t+l) + (8+l)(t+l)|$„(To)|; 

F(ro(s + t-l,l);l,l) = l + ^{s + t-l){s + t)+F{To-u;l,l) + 2{s + t)+2{s + t)\^^{To)\. 
From the equalities above, we have 

F{To{s,ty, 1, 1) - F(To(s + t-l,iy,l,l) = {st-s-t + l)|$„(^o)|. 

Since s > 2 and i > 2, we have st > s + 1 — 1. Hence 

(st - s - t + l)\^u{To)\ > 

which implies 

F{To{s, t); 1, 1) > F{To{s + t-l, 1); 1, 1). 
Hence we have finished the proof of the lemma. ■ 

3.2 Trees with extremal number of subtrees 

First, we need to defined two trees as follows. Suppose n, d and A are three positive 
integers, n> d+1 and A > 2. Let T„_a be the tree obtained from P„_a+i by attaching 
A — 1 pendant edges to one of pendant vertices of Pa-i (see Figure 8(a)). Suppose 
V{Pd+i) = {1,2, ... ,0? + 1} and E{Pd+i) = + l)|i = 1, 2, . . . , d} are the vertex set 
and edge set of a path Pd+i with d+1 vertices, respectively. Let T{n, d) be the tree 
obtained from Pa+i by attaching n — d — 1 pendant edges to vertex [^^] + 1, where [x] 
denotes the largest integer no more than x (see Figure 8(b)). 

Theorem 3.6 Let A be a positive integer more than two, and let T be a tree with n 
vertices, which has the maximum degree at least A. Then 

F(r;l,l)>F(T„,A;l,l) 

with equality holds if and only ifT — T^^/^, where T^^a is the tree defined as above. 
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(a)r 

\ / n 



(b) T{n,d) 



Figure 8: (a) The tree T^^a- (b) The tree T{n,d). 



Theorem 3.7 Let d be a positive integer more than one, and let T be a tree with n 
vertices, which has diameter at least d. IfT^ T{n,d), then 



where T{n, d) is the tree defined as above. 

Before we prove the theorems above, we consider some of their corollaries, which 
characterize the trees with the second, third, fourth, and fifth largest numbers of subtrees 
and the tree with the second minimum number of subtrees. 

Since the maximum degree of a tree T with n vertices, which is different from P„, is 
more than two, the following corollary is immediate from Theorems 3.6 and 1.1. 

Corollary 3.8 Let T be a tree with n (n > 3) vertices and T ^ Pn,T ^ Tn^s- Then 



In order to present Corollary 3.9, we need to define a new tree Bn^d (where n > 2d+2 > 
4) as follows. Let Bn^ be the tree with n vertices obtained from Ki^n-d-i by attaching 
d pendant edges to one of pendant vertices of Ki^n-d-i (Figures 9(b) and (c) show Bn,2 
and -Bn,35 respectively). Obviously, B^^i = r(n, 3) (see Figure 9(a)). 

Corollary 3.9 LetT be a tree with n > 8 vertices and T ^ Ki^n-i,T{n,3), Bn,2, Bn^3,T{n,4:) 
(see Figure 9(a)— (d)). Then 



F(T;l,l)<F(T(n,rf);l,l) 



F(T;1,1) >F(r„,3;l,l) >F(i^„;l,l). 



F(Ki,„_i; 1, 1) > F{T{n, 3); 1, 1) > F(S„,2; 1 



1) 



> F{Bn,3; 1, 1) > F(T(n, 4); 1, 1) > F{T; 1, 1). 
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n-5 




(a)r(«,3) (b)5„, (C)5„,3 (d)r(n,4) 



Figure 9: (a) The tree Bn,i = T(n,3). (b) The tree i?„,2- (c) The tree -Bn,3- (d) The 
tree T(?7-,4). 

Proof By Theorem 1.1 and Theorem 3.7, we have 

1, 1) > F(T(n, 3); 1, 1) > F(S„,2; 1, 1). (13) 
If the diameter of T is at least 4, then by Theorem 3.7 we have 

F(T(n, 4); 1,1)>F(T; 1,1). (14) 
The following equalities can be proved from Algorithm 2.9: 

F{Bn4; 1, 1) = n - 2 + 2^^ + 2"-^-^ + 2"-^, (15) 
F{T{n, 4); 1, 1) = ri + 1 + 2"-^ + 2""^ (16) 
Obviously, if n > 8, then by (15) and (16) we have 

F(S„,2; 1, 1) > F(S„,3; 1, 1), F(5„,3; l, l) > F{T{n, 4); 1, 1). 

Note that if the diameter of a tree T' with n = 8 or n = 9 vertices equals three, then 
T must be one of Ki^n-i,T{n,3), Bn,2, and i?n,3- Hence the corollary holds when ?7, = 8 
or n = 9. 

Note that if the diameter of a tree T' with ?7, > 10 vertices equals three, then T' must 
has the form of Bn,d, where n>2d+ 2 (by the definition of Bn,d). By (15) and (16), 

F(S„,i; 1,1)- F{T{n, 4); 1, 1) = 2^ + 2""^-^ - 3 - 2'"-^ 

By the definition of Bn,i, n > 2i + 2. It is not difficult to show that if n > 2i + 2 > 10 
(hence i > 4), then 

F(S„,,;1,1) <F(r(n,4);l,l). 
Therefore, we have shown that if > 10 and « > 4, then 

F(S„,i; 1, 1) > F(S„,2; 1, 1) > F(S„,3; 1, 1) > F{T{n, 4); 1, 1) > F(S„,,; 1,1). (17) 
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Hence the corollary follows. ■ 

Proof of Theorem 3.6 Let T be a tree with n vertices and T 7^ Tn^A- Note that T is 
a tree with the maximum degree at least A. Hence there exists a vertex u of T such that 
driu) > A. Without loss of generality, we assume that {vi,V2, ■ ■ ■ ,va-i} is a subset of 
the neighbor set of u in T. Obviously, if we delete A — 1 edges {u, vi), {u, V2), . . . ,{u, va-i) 
from T, then A components Tj's (for z = 1, 2, . . . , A) of T can be obtained, where Tj is 
the component containing vertex Vi for i < A — 1 and Ta is the one containing vertex 
u. Furthermore, Ta contains at least two vertices. Hence T has the form illustrated in 
Figure 10(a). 



Figure 10: (a) The tree T in the proof of Theorem 3.6. (b) The tree T* in the proof of 
Theorem 3.6. 

With repeated applications of the second transformations of trees, T can be trans- 
formed to the form of T* showed in Figure 10(b). Hence by Lemma 3.2 we have F{T] 1, 1) > 
F{T*] 1, 1). If T* = T„_A, then the theorem holds. If T* 7^ Tn.A, then by repeated appli- 
cations of the forth transformations of trees T* can be transformed to T„ a? and we have 
F{T*] 1, 1) > F(T„,a; 1, 1). Hence F(T; 1, 1) > F(T„,a, 1, 1)- The theorem thus has been 
proved. ■ 

Proof of Theorem 3.7 Let T be a tree with n vertices with the diameter at least 
d and T 7^ T{n,d). Then there exists a path of length d — 1 in T, denoted by = 
P{vi — V2 — ■ . . — Vd), where drivi) = 1. Then T must has the form illustrated in Figure 
11(a), where Tj is a subtree of T containing vertex vt for i = 2,3,. . . ,d. Particularly, 
since the diameter of T is at least d, contains at least two vertices. With repeated 
applications of the first transformations of trees, T can be transformed to the tree with 
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form of T* shown in Figure 11(b) and hence we have the following: 

F(T;l,l)<F(r*;l,l) 

(b) 

Figure 11: (a) The tree T in the proof of Theorem 3.7. (b) The tree T* in the proof of 
Theorem 3.7. 

If T* 7^ T(n, d), then by repeated applications of the third transformations of trees T* 
can be transformed to T{n, d) and hence F(T*; 1, 1) < F{T{n, d); 1, 1). So F(T; 1, 1) < 
F{T{n, d);l,l). If T* = T{n,d), then T 7^ T*. But in this case we have shown that 
F{T; 1, 1) < F(T*; 1, 1) = F(T(n, d); 1, 1). The theorem thus follows. ■ 

4 Concluding remarks 

In this paper, we have investigated the problem on enumeration of subtrees of trees. 
We obtained a linear-time algorithm to count the sum of weights of subtrees of a tree 
and we also characterized some trees with extremal number of subtrees. Note that if G 
is a connected graph then some coefficients of its Tutte polynomial Tcix^y) can count 
the numbers of some kinds of subgraphs of G [Ij. For example, Tg{1, 1) is the number 
of spanning trees of G, Tg{2, 1) is the number of forests in G, Tg{1, 2) is the number of 
connected spanning subgraphs in G, and Tg{2, 2) equals the number of spanning subgraphs 
in G. A natural extension of our work would be to give some methods to enumerate 
connected subgraphs of a connected graph. On the other hand, an acyclic molecular 
can be expressed by a tree in quantum chemistry (see f2]). The study of the topological 
indices (see, for example, 0111) has been undergoing rapid expansion in the last few years. 
Obviously, the number of subtrees of a tree can be regarded as a topological index. Hence 
another interesting direction is to explore the role of this index in quantum chemistry. 



with equality holds if and only if T = T*. 




(a)r 
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